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$(\Omega, \mathcal{F}, P),$ $(T, \Sigma, \sigma)$ .
[ ] $\Omega$ martingale $P(t)=\{P_{n}(t, \omega), \mathcal{F}_{n}\}_{n\geq 1}(t\in T)$
$T$ martingale .
(1.1) $n(\in N)$ $P_{n}(\cdot, \cdot)$ $(\Sigma\otimes \mathcal{F}_{n} )$ - .
(1.2) $\int_{T}E[P_{1}(t, \omega)]\sigma(dt)<+\infty$ .
[ ] $P(t)=\{P_{n}(t, \omega), \mathcal{F}_{n}\}_{n\geq 1}(t\in T)$ $T$ martingale
.
$M_{n}( \omega)=\int_{T}P_{n}(t, \omega)\sigma(dt)$
. Fubini , $\{M_{n}(\omega), \mathcal{F}_{n}\}_{n\geq 1}$ martingale (
average martingale ). $\{M_{n}(\omega)\}_{n\geq 1}$
$?$ .
, $t\in T$ $\{P_{n}(t, \omega)\}_{n\geq 1}$
.
0.1 $t\in T$ $\{P_{n}(t, \omega)\}_{n\geq 1}$
$\{\Lambda/I_{n}(\omega)\}_{n\geq 1}$ .
{ } $t\in T$ ,
$E[P_{1}(t, \omega)]=\lim_{narrow+\infty}E[P_{n}(t, \omega)]=E[ \lim_{narrow+\infty}P_{n}(t, \omega)]$










, $\wedge$ $t\in T$ $\{P_{n}(t, \omega)\}_{n\geq 1}$
average martingale $\{M_{n}(\omega)\}_{n\geq 1}$ ,
. PART I average martingale
.
Kitada-Sato [6] X $=\{X_{k}\}_{k\geq 1}$ $Y=\{Y_{k}\}_{k\geq 1}$
$\mu_{X}$ $\mu_{X+Y}$ . average
martingale . X, $Y$ $\mu_{X}$
$\mu_{X+Y}$ , average martingale
. PART II .
PART I
1 Random Covering
[ ] $\frac{1}{2}>l_{1}\geq l_{2}\geq l_{3}\geq\cdots$ $T=R/Z$ (
) $\{X_{k}(\omega)\}_{k\geq 1}$ .
$I_{k}(\omega)=X_{k}(\omega)+[0, l_{k}]$
$P( \bigcup_{k=1}^{+\infty}I_{k}(\omega)=T)=1$ .
$P_{n}(t, \omega)=\prod_{k=1}^{n}\frac{1}{1-l_{k}}1_{(l_{k},1]}(t-X_{k}(\omega))$ $t\in T$ ,
$M_{n}( \omega)=\int_{T}P_{n}(t, \omega)dt$
.
1.1 $\{Kahane[2] \}$ (A), (B), (C), (D) .
(A) $\{M_{n}(\omega)\}$ $L^{2}$ .
(B) $\int_{T}\exp[\sum_{n\geq 1}\triangle_{n}(t)]dt<+\infty$. $ \}_{\llcorner}^{arrow}\triangle_{n}(t)=\int_{T}1_{[0,l_{n}]}(t+u)1_{[0,l_{n}]}(u)du$.
(C) $\sum_{n\geq 1}n^{-2}\exp[\sum_{j=1}^{n}l_{j}]<+\infty$ .
(D) $P( \bigcup_{k\geq 1}I_{k}(\omega)=T)<1$ .
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2 Mandelbrot a Martingale
{ } $c(\geq 2)$ . $T=\{0,1,2, \cdots, c-1\}$ .
, $T^{\infty}=\{(s_{n})_{n\geq 1} ; s_{n}\in T(n\geq 1)\}$ , $T^{n}=\{(s_{n})_{n\geq 1}\in T^{\infty} ; s_{n+k}=0\forall k\geq 1\}$
. $s=(s_{n})_{n\geq 1},$ $t=(t_{n})_{n\geq 1}\in T^{\infty}$ $s,$ $t$ $d(s, t)$ .
(2.1) $d(s, t)= \{(\frac{1}{c}1)^{n}$ $ifif$ $s_{1}=s^{k}\neq t_{1}^{k}t$
.
$\forall k\leq\exists n$ and $s_{n+1}\neq t_{n+1}$
$\sigma$
$T^{\infty}$ Haar $\sigma(T^{\infty})=1$ .
$(\Omega, \mathcal{F}, P)$ 1 $W$ ,
$\{LV(j_{1},j_{2}, \cdots, j_{n}) ; n\geq 1, \{j_{1}, j_{2}, \cdots, j_{n}\}\in T^{n}\}$
independent copy . $s=(s_{n})_{n\geq 1}\in T^{\infty}$ ,
$P_{n}(s)=W(s_{1})VV(s_{1}, s_{2})\cdots W(s_{1}, s_{2}, \cdots, s_{n})$
, ,
$M_{n}= \int_{\tau\infty}P_{n}(s)\sigma(ds)$ $(=( \frac{1}{c})^{n}\sum_{s\in T^{n}}P_{n}(s))$
. $\{M_{n}\}_{n\geq 1}$ martingale , $n$ $E[M_{n}]=1$
Fatou ,
$\exists M_{\infty}$ such that $M_{n}arrow If_{\infty}$ a.s. and $E[\Lambda f_{\infty}]\leq 1$ .
2.1 {Kahane and Peyri\’ere[4] }(A) $\{M_{n}\}_{n\geq 1}$
$E[W\log W]<\log c$ .
(B) $M_{\infty}=0a.s$ . $E[T^{1}V\log W]\geq\log c$ .
{ } $W$ $0$ $u$ Gauss $X$ $W=$
$\exp[X-\frac{1}{2}u]$ ( $E[W]=1,$ $E[W\log W]=\frac{1}{2}u$ ). $X$ independent
copy{X $(i_{1},$ $i_{2},$ $\cdots,$ $i_{n})$ ; $n\geq 1,$ $\{i_{1},$ $i_{2},$ $\cdots,$ $i_{n}\}\in T^{n}$ } ,




$E[X(s_{1}, s_{2}, \cdots, s_{n})X(t_{1}, t_{2}, \cdots, t_{n})]$
$=$ $\{\begin{array}{l}E[X^{2}]=uifd(s,t)\leq c^{-n}0otl_{1}er\backslash vise\end{array}$
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, (2.1) ,
$C(s, t)def= \sum_{n\geq 1}c_{n}(s, t)=u\log_{c}\frac{1}{d(s,t)}$ .
.
3 Multiplicative Chaos
$\nu$ . $u>0$ .
$(\Omega, \mathcal{F}, P)$ $\{X_{n}(t, \omega) ; t\in[0,1]^{\nu}, n\in N\}$ (3.1) (3.4)
, $u$ parameter $\nu$ multiplicative chaos
.
(3.1) $n\in N$ $X_{n}(\cdot, \cdot)$ $(B[0,1]^{\nu}\otimes\Sigma )$- .
(3.2) $t\in[0,1]^{\nu}$ $\{X_{n}(t, \omega)\}_{n\geq 1}$ $0$ Gauss ,
$n\in N,$ $s,$ $t\in[0,1]^{\nu}\cross[0,1]^{\nu}$ $c_{n}(s, t)^{d}=^{ef}E[X_{n}(s, \omega)X_{n}(t, \omega)]\geq 0$ .
(3.3) $c_{n}$ ; $[0,1]^{\nu}\cross[0,1]^{\nu}arrow R_{+}$
.
(3.4) $[0,1]^{\nu}\cross[0,1]^{\nu}$ $O(s, t)$ ,
$\sum_{n\geq 1}c_{n}(s, t)=u\log^{+}\frac{1}{||s-t||}+O(s, t)$
.
$u$ parameter $\nu$ multiplicative chaos { $X_{n}(t, \omega)$ ; $t\in$
$[0,1]^{\nu},$ $n\geq 1$ } ,
$P_{n}(t, \omega)=\exp[\sum_{k=1}^{n}\{X_{k}(t, \omega)-\frac{1}{2}E[X_{k}(t, \omega)^{2}]\}]$,
$\Lambda f_{n}(\omega)=\int_{[0,1]^{\nu}}P_{n}(t, \omega)dt$
2.1 .
3.1 (Kahane [3] )(A) $u<2\nu$ $\{M_{n}(\omega)\}_{n\geq 1}$ .
(B) $u\geq 2\nu$ $\lim_{narrow+\infty}M_{n}(\omega)=0$ $a.s$ .
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4 Hegh-Krohn Kusuoka
, Kusuoka $[\overline{(}]$ Hegh-Krohn
.
$R^{2}$ (Schwartz ) $S$ . $S^{*}$ ( $S$ topological dual)
$\lambda$ ,
(5.1) $\int_{S^{*}}\exp[\sqrt{-1}u(h)]\lambda(du)=\exp[-\frac{1}{2}( (1-\triangle)^{-1}h, h)_{L^{2}}]$ $\forall h\in S$
, $\triangle=\sum_{n=1}^{2}\frac{\partial^{2}}{\partial x_{n^{2}}}$ (Laplacian).
$S^{*}$ $\lambda_{t}^{\alpha}(t\in R^{2}, \alpha\geq 0)$ ,
$\lambda_{t}^{\alpha}(A)=\lambda(A-\alpha\cdot g_{t})$ $A\in \mathcal{B}(S^{*})$
,
$g_{t}( \cdot)=\int_{0}^{+\infty}\exp[-x]p(x, \cdot-t)dx$ $(\in L^{2}(R^{2}, dx))$ .
$f_{}^{\sim}f^{\wedge^{\backslash }}\backslash .$ $p(x, t)= \frac{1}{4\pi x}\exp[-\frac{|t|^{2}}{4x}]$ (heat kernel). Cameron-Martin $\text{ _{}iE}^{-\text{ })\int_{F}^{\Xi}\text{ }}$ ,
$\lambda_{t}^{\alpha}\ll$
$\lambda$
$\Leftrightarrow$ $\alpha(1-\triangle)^{\frac{1}{2}}g_{t}$ $\in L^{2}$
$\Leftrightarrow$ $\alpha\int_{0}^{+\infty}p(x, 0)dx<+\infty\Leftrightarrow\alpha=0$









$g_{1,t}( \cdot)=\int_{1}^{+\infty}\exp[-x]p(x, \cdot-i)dx(\in S)$ ,
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$g_{n,t}( \cdot)=\int_{2^{-2(n-1)}}^{2^{-2(n-2)}}\exp[-x]p(x, \cdot-t)dx(\in S)$ $(n\geq 2)$ .
$S^{*}$ $0$ Gauss $\{X_{n}(t, u);n\geq 1, t\in[0,1]^{2}\}$ ,
$X_{n}^{\alpha}(t, u)=u\{\alpha(1-\triangle)g_{n,t}\}$ $t\in[0,1]^{2},$ $u\in S^{*}$
,
$P_{n}^{\alpha}(t, u)= \exp[\sum_{k=1}^{n}X_{k}^{\alpha}(t, u)-\sum_{k=1}^{n}\frac{1}{2}\int_{S^{*}}X_{n}^{\alpha}(t, u)^{2}\lambda(du)]$,
$M_{n}^{\alpha}(u)= \int_{[0,1]^{2}}P_{n}^{\alpha}(t, u)dt$
. $\{\lambda\ell_{n}^{\alpha}(u)\}_{n\geq 1}$ $\mu^{\alpha}\ll\lambda$ .
$[0,1]^{2}\cross[0,1]^{2}$ $O(s, t)$ ,
$\sum_{n\geq 1}\int_{S^{*}}X_{n}^{\alpha}(t, u)X_{n}^{\alpha}(s, u)\lambda(du)$
$=$ $\alpha^{2}\int_{0}^{+\infty}p(x, s-t)dx$
$=$ $\frac{\alpha^{2}}{2\pi}\log^{+}\frac{1}{||s-t||}+O(s, t)$
3 Multiplicative Chaos 3.1
.
4.1 (A) $\alpha^{2}<8_{7\Gamma}$ f $\{M_{n}(u)\}_{n\geq 1}$ .
(B) $\alpha^{2}\geq 8\pi$ , $\lim_{narrow+\infty}M_{n}(u)=0a.s$ .
PART II
5 Admissible Translation $-$ Kitada-Sato
[ ] $(\Omega, \mathcal{F}, P)$ $(T, \Sigma, \sigma)$ ( $\Omega$ Ep
, $T$ $E_{\sigma}$ ) . $\Omega$ X $=$
$\{X_{k}(\omega)\}_{k\geq 1}$ , $T$ $Y=\{Y_{k}(t)\}_{k\geq 1}$ .
$X+Y=\{X_{k}(\omega)+Y_{k}(t)\}_{k\geq 1}$ $(\Omega\cross T, \mathcal{F}\otimes\Sigma, P\otimes\sigma)$ (
X $Y$ $\Omega\cross T$ ) . X $X+Y$
$\mu_{X},$ $\mu_{X+Y}$ . .
Shepp [10] .
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5.1 (Shepp ) $X_{1}(\omega)$ Lebesgue ,
desity $f(f(x)>0a.e(dx))$ $f$ ( $f$ density
$f’$ ) . $Y=\{y_{k}\}_{k\geq 1}$ . .




$\mu_{X}\sim\mu_{X+Y}$ ( $\mu_{X}$ $\mu_{X+Y}$ ) .
(ii)
$\sum_{k\geq 1}y_{k}^{2}=+\infty$
$\mu_{X}\perp\mu_{X+Y}$ ( $\mu_{X}$ $\mu x+Y$ ) .
(B) $Y\in l_{2}$ $\mu_{X}\sim\mu_{X+Y}$ $I<+\infty$ .










Kitada-Sato [6] . $X_{1}$ $0$ 1 Gauss
$Y_{k}(k\geq 1)$ . $t\in T$ , $\mu_{X_{k}},$ $\mu x_{k}+Y_{k}(t)$
$\Omega$ $X_{k},$ $X_{k}+Y_{k}(t)$ , $\Omega\cross T$ $X_{k}+Y_{k}$
$l^{l_{X_{k}+Y_{k}}}$ .
(II.3) $P_{n}(t, \omega)=\exp$ $[ \sum_{k=1}^{n}\{X_{k}(\omega)Y_{k}(t)-\frac{1}{2}Y_{k}(t)^{2}\}](=\prod_{k=1}^{n}\frac{d\mu_{X_{k}+Y_{k}(t)}}{d\mu_{X_{k}}}(X_{k}(\omega)))$
(II.4) $M_{n}( \omega)=\int_{T}P_{n}(t, \omega)\sigma(dt)(=\prod_{k=1}^{n}\frac{d\mu_{X_{k}+Y_{k}}}{d\mu_{X_{k}}}(X_{k}(\omega)))$
$\mu_{X}$ $\sim\mu_{X+Y}$
$\{I1I_{n}(\omega)\}_{n\geq 1}$ . Kitada-Sato[6]
PART I. 3 Multiplicative Chaos
Gauss , $\{Y_{k}\}_{k\geq 1}$ (II-1)
Shepp $\sum_{k\geq 1}Y_{k}(t)^{2}=+\infty$ $t\in T$ $\{P_{n}(t, \omega)\}_{n\geq 1}$
, (II-2) average martingale $\{M_{n}(\omega)\}_{n\geq 1}$
.
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5.2 $\{Kitada- Sato[6] \}$ (A) $\epsilon>0$ \rangle
(II.5)









[6] $\{M_{n}(\omega)\}_{n\geq 1}$ (II.6) , $(II.7)$
.
6 One-sided Admissible Translation





(i) $S=N_{0}$ $P(X_{1}=n)>0(\forall n\in N_{0})$
(ii) $S=R+$ $X_{1}$ Lebesgue .
$k(\in N)$ $t\in T$ , {$\ell_{X_{k}+Y_{k}(t)}$ $\mu_{X_{k}}$
$\Pi_{k=1}^{+\infty}\mu_{X_{k}+Y_{k}(t)}$ $\prod_{k=1}^{+\infty}\mu_{X_{k}}$
, , $k\in N$ }’k(t) $=0$
$\mu_{X}\sim\mu_{X+Y}$ . $k(\in N)$
$\mu_{X_{k}}\sim\mu_{X_{k}+Y_{k}}$ $\mu_{X}\sim l^{\ell}X+Y$ $(II.4)$





. $k(\in N)$ $\mu_{X_{k}}\sim\mu_{X_{k}+Y_{k}}$ . .
6.1 {Kitada-Sato [6] } (A),(B),(C),(D) .
(A) $\mu_{X}\sim\mu_{X+Y}$
(B) $\{M_{n}(\omega)\}_{n\geq 1}$ .
(C) $\sum_{k=1}^{+\infty}Z_{k}(X_{k})$ .
(D) $M(\geq 1)$
(D-1) $\sum_{k\geq 1}E_{p}[Z_{k}(X_{k}) ; Z_{k}(X_{k})>M]<+\infty$
(D-2) $\sum_{k\geq 1}E_{p}[Z_{k}(X_{k})^{2} ; Z_{k}(X_{k})\leq M]<+\infty$
6.1 $S=N_{0}$
$f(n)=\{\begin{array}{l}P(X_{k}=n)>0,ifn\in N_{0}0,otherwise\end{array}$
$g_{k}(l)=\sigma(Y_{k}=l)$ , $l\in N_{0},$ $k\in N$
. $k\in N$ $g_{k}(0)>0$ ( $\mu_{X_{k}}\sim\mu_{X_{k}+Y_{k}}$ ).




$\sum_{k\geq 1}\sigma(Y_{k}>0)^{2}=\sum_{k\geq 1}(1-g_{k}(0))^{2}<+\infty$ .
{ } $\mu_{X}\sim\mu X+Y$ . 6.1 (D-2) , $Z_{k}(0)=g_{k}(0)-1\leq 0(\forall k\geq 1)$
,
$+\infty$ $>$
$\sum_{k\geq 1}E_{p}[Z_{k}(X_{k})^{2} ; Z_{k}(X_{k})\leq 1]$
$\geq$




$f(0)>0$ (A.1) . $\square$
Fisher information ,
$I(l)= \sum_{n\geq 0}\frac{\{f(n-l)-f(n)\}^{2}}{f(n)}(=\sum_{n\geq 0}\frac{f(n-l)^{2}}{f(n)}-1)$ $l\in N_{0}$ ,
.
6.3 { } $L\in N_{0}$ ,
(A.2) $I(l)<+\infty$ $l=0,1,2,$ $\cdots,$ $L$
$(A.3)$
$\sum_{k\geq 1}\sigma(Y_{k}>L)<+\infty$
. (A. 1) $\mu_{X}\sim\mu_{X+Y}$ .













$\sum_{k=1}^{+\infty}|V_{k}|<+\infty$ a.s. $\sum_{k=1}^{+\infty}$ .
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$\Sigma_{k=1}^{+\infty}T:V_{k}$ . $\{W_{k}\}_{k\geq 1}$
$0$ , $\sum_{k=1}^{+\infty}$ Ep $[tV_{k}^{2}]<+\infty$ . Schwarz
(A. 1), $(A.2)$ ,
$\sum_{k\geq 1}E_{p}[|/V_{k}^{2}]$
$=$ $\sum_{k\geq 1}\sum_{n\geq 0}\frac{1}{f(n)}[\sum_{l=1}^{L}\{f(n-l)-f(n)\}g_{k}(l)]^{2}$
$\leq$
$\sum_{k\geq 1}\sum_{n\geq 0}\frac{1}{f(n)}$ $[ \sum_{l=1}^{L}\{f(n-l)-f(n)\}^{2}g_{k}(l)\sum_{\iota’=1}^{L}g_{k}(l’)]$
$\leq$
$\sum_{k\geq 1}\sup_{1\leq l\leq L}I(l)[\sum_{l\geq 1}g_{k}(l)]^{2}=\sup_{1\leq l\leq L}I(l)\sum_{k\geq 1}[1-g_{k}(0)]^{2}<+\infty$
$\square$
6.4 $f(n)= \frac{\lambda^{n}}{n!}e^{-\lambda}(\lambda>0, n\in N_{0})$ . $L\in N_{0}$ $(A.3)$
. $\mu_{X}\sim\mu_{X+Y}$ (A. 1)
.
{ } $f(n)= \frac{\lambda^{n}}{n!}e^{-\lambda}(\lambda>0, n\geq 0)$ ,
$I(l)$ $=$ $\sum_{n\geq 0}\frac{f(n-l)^{2}}{f(n)}-1$
$=$ $\sum_{l\leq n<2l}\frac{f(n-l)^{2}}{f(n)}+\sum_{m\geq l}\frac{f(m)^{2}}{f(m+l)}-1\leq\sum_{l\leq n<2l}\frac{f(n-l)^{2}}{f(n)}+(1+l)^{l}-1$
( , 6.2, 6.3 ) . ,





$X=\{X_{k}\}_{k\geq 1}$ , $X_{1}$ $f$ ,
$f(x)=\{\begin{array}{l}>0a.e.ifx\geq 0=0,ifx<0\end{array}$
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$f$ $R_{+}$ density $f’$
,
$(A.4)$ $I(f)def= \int_{0}^{+\infty}\frac{f’(x)^{2}}{f(x)}dx<+\infty$
( $f’$ $R_{+}$ ) . $\{Y_{k}\}_{k\geq 1}$ ,
$k(\in N)$ $x>0$ ,
$(A.5)$ $\sigma(0\leq Y_{k}\leq x)>0$
. $\mu_{X_{k}}\sim\mu_{X_{k}+Y_{k}}$ $\mu_{X_{k}+Y_{k}}$ $\mu_{X_{k}}$








$=$ $V_{e}(X_{k})+W_{\epsilon}(X_{k})$ .. . .. . (II 8)
.








6.5 $\epsilon>0$ $R_{+}$ $\varphi$
$(A.7)$ $\sup_{0\leq t\leq\epsilon}\frac{f’(x-t)^{2}}{f(x)}1_{\{t<x\}}\leq\varphi(x)$ $a.e(dx)$
. $\epsilon>0$ $(A.6)$
$(A.8)$ $\sum_{k\geq 1}\int_{0}^{+\infty}\sigma(1_{k}^{\nearrow}>x)^{2}f(x)dx<+\infty$ ,
$(A.9)_{e}$
$\sum_{k\geq 1}E_{\sigma}[Y_{k} ; Y_{k}\leq\epsilon]^{2}<+\infty$
$\mu_{X}\sim\mu X+Y$ .
{ } $\epsilon>0$ . 6.1, 6.1 $\sum_{k=1}^{+\infty}W_{\epsilon}(X_{k})$
. $\{W_{e}(X_{k})\}_{k\geq 1}$ $0$
, $\sum_{k=1}^{+\infty}E_{p}[W_{\epsilon}(X_{k})^{2}]<+\infty$ . , Taylor
$\sum_{k\geq 1}E_{p}[W_{\epsilon}(X_{k})^{2}]$
$=$ $\sum_{k\geq 1}\int_{0}^{+\infty}\{-\sigma(x<Y_{k}\leq\in)+\frac{E_{\sigma}[f(x-Y_{k})-f(x);Y_{k}\leq x,Y_{k}\leq\epsilon]}{f(x)}\}^{2}f(x)dx$
$\leq$ 2 $\sum_{k\geq 1}\{\int_{0}^{+\infty}\sigma(x<Y_{k}\leq\epsilon)^{2}f(x)dx$
$+ \int_{0}^{+\infty}\{\frac{E_{\sigma}[f(x-Y_{k})-f(x);Y_{k}\leq x,Y_{k}\leq\epsilon]}{f(x)}\}^{2}f(x)dx\}$
$\leq$ 2 $\sum_{k\geq 1}\{\int_{0}^{+\infty}\sigma(x<\}_{k}’)^{2}f(x)dx$
$+ \int_{0}^{+\infty}E_{\sigma}[\int_{0}^{1}\frac{|f’(x-sY_{k})|}{\sqrt{f(x)}}dsY_{k} ; Y_{k}\leq x, Y_{k}\leq\epsilon]^{2}dx\}$





. $f’$ . $\mu X\sim\mu_{X+Y}$ $(A.9)_{1}$
.
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{ } $\delta>0$ $(A.9)_{\delta}$ $\epsilon>0$
(A.10) $(A.9)_{1}$ .
$\epsilon>0$ $Lde=^{f}f(\epsilon)>0$ . $\epsilon>0$ (A.10) .
$\alpha=\inf\{x\geq 0 ; |f(\epsilon+x)-f(\epsilon)|\geq\frac{L}{2}\}$
( $f$ $0<\alpha<+\infty$ ). $[x_{1}, x_{2}]\subseteq[\epsilon, \epsilon+\alpha]$ ,
1 $def=$ $inf|f’(x)|>0$
$x\in[x_{1},x_{2}]$
( $f^{l}\not\equiv 0$ on $[\epsilon,$ $\epsilon+\alpha]$ $f’$ ) .
$K= \sup_{0\leq x\leq\epsilon+\alpha}f(x)(0<K<+\infty)$ , $\Lambda/f=2\frac{K}{L}$ . $\epsilon\leq x\leq\epsilon+\alpha$ ,
$\chi_{k}(x)def=\frac{E_{\sigma}[f(x-Y_{k})]}{f(x)}(=Z_{k}(x)+1)\leq M$
$\mu_{X}\sim\mu_{X+Y}$ 6.1 (D-2) ,
$+ \infty>\sum_{k\geq 1}E_{p}[Z_{k}(X_{k})^{2} ; Z_{k}(X_{k})\leq M]\geq\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}\{\chi_{k}(x)-1\}^{2}f(x)dx$ .
, $\delta<\epsilon$ ,
$\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}E_{\sigma}[f(x-Y_{k})-f(x) ; Y_{k}\leq\delta]^{2}\frac{dx}{f(x)}$
$=$ $\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}\{E_{\sigma}[f(x-Y_{k})-f(x) ; Y_{k}\leq x]$
$- E_{\sigma}[f(x-Y_{k})-f(x) ; \delta<Y_{k}\leq x]\}^{2}\frac{dx}{f(x)}$
$\leq$ 2 $\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}E_{\sigma}[f(x-Y_{k})-f(x);Y_{k}\leq x]^{2}\frac{dx}{f(x)}+[8MK\alpha]\sum_{k\geq 1}\sigma(Y_{k}>\delta)^{2}$
$=$ 2 $\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}\{E_{\sigma}[f(x-Y_{k})]-f(x)+f(x)\sigma(Y_{k}>x)\}^{2}\frac{dx}{f(x)}$
$+[’$
$\leq$ 4 $\sum_{k\geq 1}\{\int_{\epsilon}^{\epsilon+\alpha}[\chi_{k}(x)-1]^{2}f(x)dx+\int_{\epsilon}^{\epsilon+\alpha}\sigma(Y_{k}>x)^{2}f(x)dx\}$
$+[8 \Lambda lK\alpha]\sum_{k\geq 1}\sigma(Y_{k}>\delta)^{2}$
$\leq$ 4 $\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+a}\{\chi_{k}(x)-1\}^{2}f(x)dx+4K\alpha[2M+1]\sum_{k\geq 1}\sigma(Y_{k}>\delta)^{2}<+:$.
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$\delta<\min\{\epsilon,\underline{x}\underline{-}x2\}$ ,
$+\infty$ $>$ $\sum_{k\geq 1}\int_{\epsilon}^{\epsilon+\alpha}E_{\sigma}[f(x-Y_{k})-f(x) ; Y_{k}\leq\delta]^{2}\frac{dx}{f(x)}$
$\geq$ $\sum_{k\geq 1}\int_{x\iota+\delta}^{x_{2}}E_{\sigma}[\int_{0}^{1}|f’(x-sY_{k})ds|Y_{k} ; Y_{k}\leq\delta]^{2}\frac{dx}{f(x)}$
$\geq$ $\frac{\delta l}{\Lambda}\sum_{k\geq 1}E_{\sigma}[Y_{k} ; Y_{k}\leq\delta]^{2}$ .
$\delta>0,$ $l>0,0<K<+\infty$ ,
$\sum_{k\geq 1}E_{\sigma}[Y_{k} ; 1_{k}^{\Gamma}\leq\delta]^{2}<+\infty$
$\square$
6.3 $\epsilon>0$ (A. 10) . $f(0)>0$ ) $f’$
. $\delta>0$ ,
$\sup_{0<t\leq\delta}|f’(t)|\leq 1$
. $\mu_{X}\sim\mu_{X+Y}$ $(A.8)$ .
{ } 62 , $(A.9)_{1}$ . $M=f(0)$
$(M>0)$ .
$\gamma=\inf\{x\geq 0 ; |f(x)-f(0)|\geq\frac{M}{4}\}$
( $f$ $0<\gamma<+\infty$ ) . $0\leq x\leq\gamma$ ,
$\lambda’k(x)^{d}=^{ef}\frac{E_{\sigma}[f(x-Y_{k})]}{f(x)}(=Z_{k}(x)+1)\leq 2$.
$l^{l}X\sim\mu_{X+Y}$ 6. 1 (D-2) ,
$+\infty$ $>$





$=$ $\sum_{k>1}\int_{0}^{\gamma}\{[E_{\sigma}[\frac{f(x-Y_{k})}{f(x)}]-1]f(x)-E_{\sigma}[f(x-Y_{k})-f(x) ; x\geq Y_{k}]\}^{2}\frac{dx}{f(x)}$
$\leq$ 2 $\sum_{k\geq 1}\{\int_{0}^{\gamma}[\chi_{k}(x)-1]^{2}f(x)dx+\int_{0}^{\gamma}E_{\sigma}[f(x-Y_{k})-f(x);x\geq Y_{k}]^{2}\frac{dx}{f(x)}\}$ .
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,
$\sum_{k\geq 1}\int_{0}^{\gamma}E_{\sigma}[f(x-Y_{k})-f(x) ; x\geq 1_{k}^{\prime’}]^{2}\frac{dx}{f(x)}$
$\leq$ $\frac{4}{3JI}\int_{0}^{\gamma}E_{\sigma}[\int_{0}^{1}|f’(x-sY_{k})|dsY_{k} ; x\geq Y_{k}]^{2}dx$
$\leq$ $\frac{4}{3M}\gamma$ $\{ \sup_{0<x\leq\gamma}|f’(x)|\}^{2}E_{\sigma}[Y_{k} ; Y_{k}\leq\gamma]^{2}<+\infty$ .
,
$\sum_{k\geq I}\int_{0}^{\gamma}\sigma(1_{k}’>x)^{2}f(x)dx<+\infty$ .
(A. 10) $(A.8)$ . $\square$
6.5, 6.2, 6.3 .
6.6 $\lim_{karrow+\infty}Y_{k}=0\sigma a.s$ . $f$ $f(0)>0$ , $\epsilon>0$ $R_{+}$
$\varphi$ $(A.7)$ . $f’$ , $M\geq 0$













(II 9) $a= \inf_{k\geq 1}\sigma(Y_{k}\leq 1)>0$











$\leq$ 2 $\{E_{\sigma}[f(x-Y_{k}) ; l_{k}^{\prime’}>1]+f(x)\sigma(Y_{k}>1)\}$
$+2(\sqrt{E_{\sigma}[f(x-Y_{k});Y_{k}\leq 1]}-\sqrt{f(x)\sigma(Y_{k}\leq 1,Y_{k}\leq x)})^{2}$





Taylor , Schwarz ,
$\sum_{k\geq 1}\int_{0}^{+\infty}(\sqrt{E_{\sigma}[f(x-Y_{k});Y_{k}\leq 1]}-\sqrt{f(x)\sigma(Y_{k}\leq 1,Y_{k}\leq x)})^{2}dx$
$=$ $\sum_{k\geq 1}\int_{0}^{+\infty}dx\{\int_{0}^{1}\frac{E_{\sigma}[f’(x-tY_{k})(-Y_{k});Y_{k}\leq 1,Y_{k}\leq x]}{2\sqrt{E_{\sigma}[f(x-tY_{k});Y_{k}\leq 1,Y_{k}\leq x]}}dt\}^{2}$
$\leq$ $\sum_{k\geq 1}\int_{0}^{+\infty}dx\int_{0}^{1}\frac{1}{4}\frac{1}{E_{\sigma}[f(x-tY_{k});Y_{k}\leq 1,Y_{k}\leq x]}$
$\cross E_{\sigma}[\frac{f’(x-tY_{k})Y_{k}}{\sqrt{f(x-tY_{k})}}\sqrt{f(x-tY_{k})};Y_{k}\leq 1, Y_{k}\leq x]^{2}dt$
$\leq$ $\frac{1}{4}\sum_{k\geq 1}\int_{0}^{+\infty}dx\int_{0}^{1}E_{\sigma}[\frac{f’(x-tY_{k})^{2}}{f(x-t1_{k}^{r})}\}_{k^{2}}^{r} ; Y_{k}\leq 1, Y_{k}\leq x$] $dt$
$\leq$ $\frac{1}{4}\int_{0}^{+\infty}\frac{f’(x)^{2}}{f(x)}dx\sum_{k\geq 1}E_{\sigma}[Y_{k}^{2} ; Y_{k}\leq 1]<+\infty$
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$(II.9)$ $(A.8)$ ,
$\sum_{k\geq 1}\int_{0}^{+\infty}(\sqrt{\sigma(Y_{k}\leq 1)}-\sqrt{\sigma(Y_{k}\leq 1,Y_{k}\leq x)})^{2}f(x)dx$
$=$ $\sum_{k\geq 1}\int_{0}^{+\infty}(\frac{\sigma(Y_{k}\leq 1)-\sigma(Y_{k}\leq 1,Y_{k}\leq x)}{\sqrt{\sigma(Y_{k}\leq 1)}+\sqrt{\sigma(Y_{k}\leq 1,Y_{k}\leq x)}})^{2}f(x)dx$
$\leq$ $\frac{1}{a}\sum_{k\geq 1}\int_{0}^{+\infty}\sigma(x<1_{k}^{r})^{2}f(x)dx<+\infty$
(II. 10) $l^{l}X\sim\mu_{X+Y}$ .
6.3 $f(x)=e^{-x}1_{\{x\geq 0}$ }
$f(x)=e^{-x}1_{\{x\geq 0\}}$ .
6.4 $f(x)=e^{-x}1_{t^{x\geq 0\}}}$ , $\mu_{X}\sim t^{l}X+Y$ $\epsilon>0$ ,
$\sum_{k\geq 1}\{E_{\sigma}[e^{Y_{k}}-1 ; Y_{k}\leq x]-\sigma(Y_{k}>x)\}^{2}<+\infty$ . $a.ex\in[0, \epsilon]$
{ } $\epsilon>0$ $\Lambda I=e^{\epsilon}$ . $\mu_{X}\sim\mu_{X+Y}$ 6.1 (D-2)
$+\infty$ $>$
$\sum_{k\geq 1}E_{p}[Z_{k}(X_{k})^{2} ; Z_{k}(X_{k})\leq M]$
$=$
$\sum_{k\geq 1}E_{p}[\{E_{\sigma}[e^{Y_{k}} ; x\geq Y_{k}]-1\}^{2}$ ; $E_{\sigma}[e^{Y_{k}} ; X_{k}\geq l_{k}^{r}]\leq M+1]$
$\geq$
$\sum_{k\geq 1}\int_{0}^{\epsilon}\{E_{\sigma}[e^{Y_{k}} ; x\geq Y_{k}]-1\}^{2}e^{-x}dx$
$=$ $\int_{0}^{\epsilon}\sum_{k\geq 1}\{E_{\sigma}[e^{Y_{k}}-1;1_{k}’\leq x]-\sigma(Y_{k}>x)\}^{2}e^{-x}dx$
.
68 $f(x)=e^{-x}1_{\{x\geq 0\}}$ . $\epsilon>0$ $(A.6)$ .
(A), (B) .
(A) $\mu_{X}\sim\mu_{X+Y}$ .
(B) $(A.8),$ $(A.9)_{\epsilon}$ .
140
{ } $(B)\Rightarrow(A)$ 6.5 .
$(A)\Rightarrow(B)$ . $\epsilon>0$ . 6.4 $(A.6)$ $(A.9)_{\epsilon}$
(A.8) . $M=e^{\epsilon}$ . $\mu_{X}\sim\mu_{X+Y}$
6.1 (D-2)
$+\infty$ $>$
$\sum_{k\geq 1}E_{p}[Z_{k}(X_{k})^{2} ; Z_{k}(X_{k})\leq M]$
$\geq$
$\sum_{k\geq 1}\int_{0}^{\epsilon}\{E_{\sigma}[e^{Y_{k}}-1;Y_{k}\leq x]-\sigma(Y_{k}>x)\}^{2}e^{-x}dx$ .
,
$\sum_{k\geq 1}\int_{0}^{\epsilon}\sigma(Y_{k}>x)^{2}e^{-x}dx$
$\leq$ 2 $\sum_{k\geq 1}\int_{0}^{\epsilon}\{E_{\sigma}[e^{Y_{k}}-1;Y_{k}\leq x]-\sigma(Y_{k}>x)\}^{2}e^{-x}dx$






6.1 $f(x)=e^{-x}1_{\{x\geq 0\}}$ .
$\alpha>0$ , $a_{k}=\log$ ( $k^{\frac{\alpha}{2}}$ 1) $(k\geq 1)$ . $Y=\{Y_{k}\}_{k\geq 1}$ ,
$\sigma(Y_{k}=a_{k})=k^{-\alpha},$ $\sigma(Y_{k}=0)=1-k^{-\alpha}$
.
$Z_{k}(X_{k})^{d}=^{ef}E_{\sigma}[e^{Y_{k}} ; X_{k}\geq Y_{k}]-1=\{\begin{array}{l}-k^{-\alpha}k^{-\alpha}(e^{a_{k}}-1)=k^{-\frac{\alpha}{2}}\end{array}$ $ififX_{k}^{k}\geq a^{k}X<a_{k}$















$1 \geq\alpha>\frac{2}{3}$ $\{\begin{array}{l}\sum_{k\geq 1}\sigma(Y_{k}>\epsilon)=+\infty\mu_{X}\sim\{\iota_{X+Y}\end{array}$
,
$\sum_{k\geq 1}\int_{\epsilon}^{+\infty}E_{\sigma}[e^{Y_{k}}-1;\epsilon<Y_{k}\leq x]^{2}e^{-x}dx=\sum_{k\geq k_{e}}k^{-\alpha}\frac{1}{k^{\frac{\alpha}{2}+1}}$
,
$\mu_{X}\sim\mu X+Y$ $\Pi\overline{\mathfrak{o}}E^{\{}\sum_{k\geq 1}\int_{e}^{+\infty}E_{\sigma}[e^{Y_{k}}-1;\epsilon<Y_{k}\leq x]^{2}e^{-x}dx<+\infty$
$\square$
6.9 $f(x)=e^{-x}1_{\{x\geq 0\}}$ . $\epsilon>0$ (A. 10)
$\epsilon>0$ )
(A. 11) $\sum_{k\geq 1}\int_{\epsilon}^{+\infty}E_{\sigma}[e^{Y_{k}}-1;\epsilon<Y_{k}\leq x]^{2}e^{-x}dx<+\infty$ ,
$f$
(A.8), $(A.9)_{\epsilon}$ ) $f^{l}X\sim\mu x+Y$ .
{ } (II.8) (p. 12 ) (A. 10), (A. 11) ,
$\sum_{k\geq 1}E_{p}[V_{\epsilon}(X_{k})^{2}]$
$=$ $\sum_{k\geq 1}\int_{0}^{+\infty}\{E_{\sigma}[e^{Y_{k}}-1;\epsilon<Y_{k}\leq x]-\sigma(Y_{k}>x, Y_{k}>\epsilon)\}^{2}e^{-x}dx$
$\leq$ 2 $\sum_{k\geq I}\{\int_{\epsilon}^{+\infty}E_{\sigma}[e^{Y_{k}}-1;\epsilon<Y_{k}\leq x]^{2}e^{-x}dx+\sigma(Y_{k}>\epsilon)^{2}\}<+\infty$
$\{V_{\epsilon}(X_{k})\}_{k\geq 1}$ $0$ $\Sigma_{k=1}^{+\infty}V_{\epsilon}(X_{k})$ .
$(A, 8)$ $(A.9)_{\epsilon}$ 6.5 $\Sigma_{k=1}^{+\infty}W_{\epsilon}(X_{k})$
6.1 (C) . $\mu_{X}\sim\mu_{X+Y}$ .
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